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1 Introduction 



Markov symmetry random evolutions (MSRE) in spaces of different 
dimensions were studied in the works of M.Kac [8], M.Pinsky [TE] , 
E.Orzingher (e.g., (HIS]), A.F.Turbin and A.D.Kolesnik (e.g., p [TO]) (see 
also [18] for other references). Symmetry in this sense should be regarded 
as uniform stationary distribution of switching at a symmetrical structure 
in R n , for instance at n + 1-hedron [TH] , or at a unit sphere [T2] . 

Weak convergence of distributions of MSRE is also studied in some of 
these works, namely convergence in R 2 and R 3 was proved by A.D.Kolesnik 
in PHH2J. 

We should note that the problem of weak convergence of random 
walks (partially, similar to MSRE) was studied by many authors. Among 
the most interesting works we may point [21 SI El E]. Large bibliography 
as for this branch could be found in [3]. The methods, proposed in these 
works let us solve a wide range of problems connected with convergence 
of random walks, but do not let to obtain limit process to be averaged 
by the stationary measure of switching process. 

Such averaging may be found in the works of V.V.Anisimov and his 
students (see p] and references therein), but here the averaging by the 
stationary measure is one of the conditions, proposed for the pre-limit 
process in the corresponding theorem. 

In this work MSRE in R n is studied using the methods, proposed 
in [13]. We find a solution of singular perturbation problem for the 
generator of the evolution and thus the averaging by a stationary measure 
of switching process is obtained as a corollary of this solution. At the 
second stage we prove relative compactness of the family of MSRE. This 
method let us show weak convergence of the process of MSRE to the 
Wiener process in R n . 

The difference in the methods may be easily seen by the analysis of 
the papers |2| and [IS], where similar problems are studied. 

In the sections 4 and 5 we use the method proposed to prove weak 
convergence of Markov non-symmetry random evolution (MNRE) in R n . 
The distinction of this model is that the limit process is a diffusion 
process with deterministic drift. 
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2 Description of MSRE 



We study a particle in the space R n , that starts at t = from the point 
x = (xi, i = 1, n). Possible directions of motion are given by the vectors 

s(0) = (cos 6*i, sin 6*i cos 02, sin0i sin 62 cos #3, sin0i... sin0„_2 cos0 n _i, 

sin sin0 n _2 sin n _i), n _i G [0, 27r), 0^ G [0, 7r), i = 1, n — 2. 

These vectors have initial point in the center of the unit n-dimentional 
sphere S n and the terminal point at its surface. Challenge of every next 
direction is random and its time is distributed by Poisson. Thus, the 
switching process is Poisson one with intensity A = e~ 2 . The velocity 
of particle's motion is fixed and equals v = ce -1 , where e - is a small 
parameter, e — > (e > 0). 

Let's define a set G = {0 : s(0) G S n }. The switching Poisson process 
is 0f G 6. 

Definition 1: Markov symmetry random evolution (MSRE) is the 
process £f G R n , that is given by: 



Easy to see that when e — > (e > 0) the velocity of the particle and 
intensity of switching decrease. Our aim is to prove weak convergence 
of MSRE to the Wiener process when e — > 0. The main method is 
solution of singular perturbation problem for the generator of MSRE. 
Let's describe this generator. 

Two-component Markov process 6 £ t ) at the test-functions tp(x\, x n ; 0) G 
Co°(R" x G) may be described by a generator (see, e.g. [TB] ) 



t 








L £ ip(x 1 , ...,x n ; 0) := XQcp(-] 0) + vS(9)(f(x h ...,x n ; •) 




(1) 



where 



S(9)(p(x h ...,x n ; •) : 



(s(0), V)(p{xi, ...,x n ; •) 
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here = (dip/dxi, 1 < i < n), 

Qip(-; 6) := (II - I)cp(.; 9) := 1 J p(.; 9)fi(d9) - y>(.; 9), 

here N = (^) n/2 2 . 4 .J {n _ 2) for even n, and N = (^) {n ' 1)/2 3 . 5 .J {n ^ 2) for 
odd n; /i(d#) - is the element of volume of the sphere S n , that is equal 
to 

fi{d6) := sm n ~ 2 9 1 sm n ~ 3 9 2 ...sm9 n - 2 d9 1 ...d9 n - 1 . 
Using well-known formula 

1 2™,/, „ 1 -2- ... • (2m-l) 7T /" 2m +i ,„ n 2 -4-.. .-2m 
/ sm 2w d# = 2 — - — ^— J --, / sin 2m+1 d6 = 2-— 

7 2-4-. ..-2m 2'7 1 • 3 • ... • (2m+ 1 

o o 

we may see 

J n(<ffl) = N. 

Operator U(p(-;9) := 4 L <p(-;9)fj J (d6) is the projector at the null- 
space of reducibly-invertible operator Q 7 because by definition it transfers 
functions to constants, but constants to itself. 

For II we have: 

QU = UQ = 0. 

Potential operator Rq may be defined by: 

Rq:=U- I. 

This operator has the property: 

R Q = QR = I-U : 

thus it is inverse for Q in the range of Q 7 but for the function from 
null-space of Q we have 

R Q (j) = 0. 

Solution of singular perturbation problem in the series scheme wi- 
th the small series parameter e — > 0(e > 0) (see [13]) for reducibly- 
invertible operator Q and perturbed operator Qi consists in the followi- 
ng. 



We should find a vector <f e = ip + ef\ + e 2 f2 and a vector ip, that 
satisfy asymptotic representation 

[e~ 2 Q + e^Qi]^ = ^ + ed £ 

with the vector (9 £ , that is uniformly bounded by the norm and such 
that 

\\0 £ \\ < C,£^0. 
The left part of the equation may be rewritten 

[e^Q+^Qi] V2) = £~ 2 Q<p+e- 1 [Q<pi+Qi(p]^Q<p2+Qi<pi\+eQ 1 <p 2 - 

And as soon as it is equal to the right side, we obtain: 

Qip = 0, 
^ Q<pi + Qnp = 0, 
I Q(f 2 + Qi<pi = if}, 

{ Qm = e £ . 

From the last equation we may see that the function if 2 should be 
smooth enough to provide boundness of Q\f2- Moreover, from the first 
equation we see that the function if may by any function from the null- 
space of Q and does not depend on the variable that corresponds to the 
switching process. 

An important condition of solvability of this problem is balance condi- 
tion 

nQi = 0. 

This condition means that the function Q\f> belongs to the range of Q, 
thus we may solve the second equation using the potential operator, that 
in inverse to Q at its range 

<fi = -R Qif. (2) 
Thus the main problem is to solve the equation 

Qf2 = V - Qi<Pi = V> + QiRoQif- 

The solvability condition for Q has the view: 

UQUif 2 = = + UQiRoQiUf, 
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and we finally obtain 

Ity = -UQiRoQ^cp. (3) 
For the function ip 2 we obviously have: 

<p 2 = ^[-ngii^oQin + QiRoQi}^. (4) 

Equations ©-(ED give the solution of singular perturbation problem. 
In case of MSRE balance condition has the following view 

US(6)l(x) = 0, (5) 

where 1( ). Really every term under the sign of integral 

contains either J* sin n 9 cos 6>(f/9 = or J Q 27r sin 6^(9 = 0. 



3 Main result for MSRE 

THEOREM 1. MSRE converges weakly to the Wiener process 
w(t) := £j when £ — > 0: 

where G R n is defined by a generator 

c 2 

L°(p(xi, ...,£„) = — A(^(xi, a; n ), (6) 

where A<p := (^ + - + ^) p. 

Remark 1: The generator (Ej) corresponds to the results, obtained 
in [12] for the spaces R 2 and R 3 . 

To prove the Theorem we need the following Lemma. 

Lemma 1. At the perturbed test-functions 

(p £ (xi, x n \ 9) = (p(xi, ...,x n ) + s(pi(x h x n \ 9) + e 2 (p 2 (x h x n ; 9), 

(7) 

that have bounded derivatives of any degree and compact support, the 
operator L £ has asymptotic representation 

L £ ip £ (x h x n ; 9) = L°cp(x h ...,x n ) + R £ (9)(p(x), 
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\R%e)(p{x)\ -> 0,e -> 0,ip(x) E C^{R d ), 

where L° is defined in (ED, (pi(x\, x n ; 9), ^2(^1, ■■■,x n ; 9) and R £ (9)cp(x) 
are the following: 

L°n = -c 2 n5 , (^) J R 5'(^)n, (8) 

<£i = -cRoS(6)(p, 
<p 2 = c 2 R S(9)R S(9)ip, 
R £ (9)(p = £c 3 S(9)R S(9)R S(9)tp. 

Proof. Let's solve singular perturbation problem for the operator 
. To do this, we study this operator at the test-function ((71). We have: 

LVOi, ...,x n ; 9) = [e~ 2 Q + e' 1 cS{9)} [ip + eipi + e 2 (p 2 ] = £~ 2 Q(p+ 

e _1 [Qpi + cS(0)(p] + [Q<p 2 + cSWn] + ecS{6)ip 2 . 
Thus, we obtain the following equations 

Qtpi + cS{9)(p = 0, 
L°<p = Qcp 2 + cS(e)ip 1: { > 

R £ (p(9) = £cS(9)(p 2 . 



From the first equation we see that (f(xi, x n ) belongs to the null- 
space of Q. From the balance condition easy to see that S(9)(p 
belongs to the range of Q, thus from the second equation of the system 
@ we obtain 

if i = —cR{)S(9)tp. 

By substitution into the third equation and using the solvability 
condition we have: 

L°Tl(p + c 2 nS{9)R S{9)Tlp = 0. 
From the last equation of (0): 
R £ (9)tp(x) = £c 3 S(9)R S(9)R S(9)tp(x) -> when e -4 0, G C °°(R r 
Let's find the generator of the limit process L° by the formula (jSj): 

lV = c 2 ns'(^)(/ - n)s(0)ify = ^ns^iip - c 2 ns(0)ns(0)ify. 
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The last term equals to by the balance condition (J5J). Thus, finally: 

l° = c 2 us 2 (e), (10) 



or 



Let's calculate the integral: 



C 

N 




00 



2 9 2 2 2 d 2 

cos ^1—0+ sin 0icos 027r^ + ---+ 
ox{ OX2 



d 2 d 2 
sin 2 0i... sin 2 n _ 2 cos 2 6 n -x—^ V sin 2 0i... sin 2 n _ 2 sin 2 n _i— j 



d 2 2 2 

sin 6*i cos 0\ cos 6*2 — — h... + sin 0i...sin n _ 2 sin0 n _ix 

ox\OX2 



d 2 



cos0 n „i- — > sin" 2 0isin" 3 2 ... sin0„_ 2 d0i...d0 n _i = 



7T 7T 27T 



c z 
iV 




cos 



d 2 

? 61 sin"" 2 61 sin"" 3 2 ... sin0 n _ 27 -^- 

d 2 



00 

d 2 

sin" 6 1 cos 2 2 sin" -3 2 . . . sin n _ 2 — r 

0x2 



• 7" 

sin 



+ ...+ 

<9 2 



0i sin 71 " 1 6 2 ... sin 3 0„_ 2 cos 2 9 n „i—^-\ 

dx l n _ x 

d 2 

sin" 0i sin"" 1 2 ... sin 2 n _ 2 sin 2 6 n ^—r+ 

dx l n 

1 d 2 
0i cos 0i cos 2 sin" 2 ... sin0 n _ 2 - — - — 

OX\OXi 

d 2 1 

sin" 0i sin"" 1 2 ... sin 3 n _ 2 sin n _i cos n _i- — . 

dx n -idx n J 



sin 7 



+ ...+ 
dQ\...dQ n -\ 



7T TT 2ir 



c 

N 




(sin"" 2 0! sin"" 3 2 ... sin0 n _ 2 - sin n O x sin"" 5 6 2 ... sin0 n _ 2 ) 



n-3 



<9 2 







(sin" 1 sin"- 3 2 ...sin0 n _ 2 -sin" X sin""^ sin"" 4 3 ... sm0 n _ 2 )-^+...+ 



cte 2 



n— 1 /) „• n— 4 



9 2 



(sin" 0! sin 71 " 1 2 ... sin" n _ 2 -sin" X sin"" 1 2 ... sin 3 n _ 2 sin" n _i) 



n-1 



d 2 



dx n _ 1 



sin" sin" 1 9 2 . . . sin 5 0„_ 2 sin 2 n _ i 



<9 2 



sin" 1 0i cos 0i cos 2 sin" s 2 ... sin0 n _ 2 



n— 3 



a 2 



sin" 6*i sin" 1 2 ... sin d n _ 2 sin0 n _i cos0 n _r 



' dx\dx 2 

d 2 1 



+ ...+ 



d0i...<Z0. 



n-1- 



dx n ^idx n 

Every term in braces has a multiplier of the type Jq sin" cos 0d0 = 
or / 27r sin cos 0d0 = 0, thus the corresponding integral equals to 0. 
Integration of every correlation in parentheses gives 

J ... J J (sin" 0i sin"" 1 2 ... sin"" fc+2 fc _i sin"^ 1 k sin"^ 2 k+1 ... sin n _ 2 - 



sin" 0i sin"" 1 2 ... sin"- fc+2 k ^ sin"- fc+1 k sin"^ 2 k+1 ... sin n _ 2 )d0 1 ...d0 n - 1 = 
(2m - l)(2m - 2) (2m - 3) • ... • (2m - k + 1) 



AT 



V 2m(2m - l)(2m- 2) • ... • (2m - k + 2) 

(2m - l)(2m - 2) (2m - 3) • ... • (2m - k)\ 
2m(2m - l)(2m - 2) • ... • (2m — k + l) J 

2m — k + l 2m — k" 



N 



, if n = 2m 



or N 



2m 2m 
(2m) (2m - l)(2m - 2) • ... • (2m - k + 2) 



(2m + l)2m(2m - 1) • ... • (2m - + 3) 
2m(2m - l)(2m - 2) • ... • (2m - k + 1)\ _ 
(2m + l)2m(2m - 1) • ... • (2m - + 2) J ~~ 



A T {2m-k + 2 2m-fc + l\ p 

N — , if n = 2m + 1 

V 2m + 1 2m + 1 / 

_ ^ 

n 

Finally, we have: 

c 2 

L°(p(xi, ...,x n ) = —Aip(x h ... : x n ). 
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Lemma is proved. 

Proof of Theorem 1. In 1 we proved that L £ cp £ =^> L°(p at the class 
of functions Co°(R n x G) when e — > 0. To prove the weak convergence we 
need to show the relative compactness of the family (£f , Of) in DR« xe [0, oo). 
To do this we use the methods proposed in P [T31 ED]- Let's formulate 
Corollary 6.1 from [13] (see also Theorem 6.4 in [13]) as a Lemma. 

Lemma 2. Let the generators L £ , e > satisfy the inequalities 

for any real- valued non-negative function tp G C^°(R n x G), where the 
constant depends on the norm of <p, and for ^o(u) 

^ e ^o(w) < Ci(p (u), \u\ < /, 

where the constant C\ depends on the function ipo, but do not depend 
on e > 0. 

Then the family (£f , t > 0, e > is relatively compact in Dr,™ x o[0, oo). 
Let's study (ED at the test-function (p £ (x\ : x n ; 9) = x n ) + 

e^i(xi, x n ; 0), where (^(aq, x n ; 0) = -cR S(6)(p(xi, i B ). 
We have: 

L e tp e (xi, a; n ; 9) = £~ 2 Qip(xi, ...,x n ) + £' 1 [Qif 1 + cS(9)ip(x h x n )]+ 

cS(6)<pi(xi, ...,£„; 0). 

It follows from @ that two first terms equal to 0. Let's estimate the 
last term: 

cS(6)(p 1 (x h ... 1 x n ;6) = c 2 S(9)R S(9)(f(x h ...,x n ) = c 2 S 2 (9)^p(x h x n ) = 
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d 2 d 2 
cos 2 <9it-^ + sin 2 0i cos 2 2 7r^ + •••+ 
oxf OX2 

d 2 d 2 
sin 2 sin 2 n _2 cos 2 n -i7r^ h sin 2 0i... sin 2 n _2 sin 2 n _i 



dxl 



sin 0i cos 0i cos 02 

cos n _i 



dx\dx2 
d 2 



dx n -idx r 



+ ... + sin 2 0i... sin 2 Q n -i sin0 n _ x x 



<p(xi, ...,x n ) < Ci«, 



as soon as all the constants, functions and their derivatives are bounded. 
We also have from 



Thus, 



LV = L e <p + eLVi = + ecL £ R S{6)(p. 



L £ ip = L £ ip £ - £cL £ R S(6)(p < C hv - eC 2 , v < C 



for small e. 

To prove the second condition, it's enough to use the properties of 
the function cpo(u) = yl + it 2 , namely: 

< 1 < <Po{u), M(u)\ < (p (u). 

So, the proof of the second condition is similar to the previous reasoni- 
ng. 

Thus, the family (£f,0f) is relatively compact in DRn xe [0,oc). 

Now we may use the following theorem (Theorem 6.6 from [T3]). 

THEOREM 2. Let random evolution with Markov switching x £ (t)) G 

Dr«xe[0, 00) satisfies the conditions: 

CI: The family of processes (£, £ (t), t > 0, e > is relatively compact. 

C2: There exists a family of test-functions ip £ (u,x) G Cg(R n x £") 
such that 



lim (p £ (u, x) = cp(u) 

£->0 



uniformly by 
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C3: The following uniform convergence is true 

lim L £ ip £ (u, x) = Lif(u) 

e— >0 

uniformly by u, x. 

The family L £ ip £ , e > is uniformly bounded, moreover L £ ip £ and Lip 
belong to C(R n x E). 

C4: Convergence by probability of initial values 

f(0)->«0),e->0, 

and 

supE|f (0)| < C < +00 

£>0 

is true. 

Then we have the weak convergence 

£ e (f)=K(f), £->(). 

According to Theorem 2, we may confirm the weak convergence in 
Dr™ [0,oo) 

e t ^ . 

Really all the conditions are satisfied. Namely the family of processes 
is relatively compact, the generators at the test-functions from the class 
C^°(R n x G) converge, initial conditions for the limit and pre-limit 
processes are equal. 
Theorem is proved. 

4 Description of MNRE 

In R n we study the same particle as in the Section 2, but its velocity 
is equal to v{9) = c(9)e^ 1 + ci(0), where e — > (e > 0) is the small 
parameter, functions c(6),Ci(6) are bounded. 

Definition 2: Markov non- symmetry random evolution (MNRE) is 
the process <^ £ G R n , of the following view: 

t 

Q'.= x + J v(6 £ )s(0r)dT. 
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Our aim is to prove the weak convergence of MNRE to a diffusion 
process with drift when e — > 0. 

Two-component Markov process (£f , 9f) at the test-functions <p(xi, x 
Co°(R n x G) is defined by a generator (see, e.g. [16]) 



L £ ip(x h x n ; 9) := XQ(p(-; 9) + v(9)S(9)(p(x h x n ; •) = 
e~ 2 Q(p{-; 9) + £- 1 c(9)S(9)ip(x h x n - •) + ci(9)S(9)tp(x h x n - •), 



S(9)(p(x h ...,x n ; •) := - (s(^), V) (p(x h x n ; •). 

An important condition that allows to confirm weak convergence is 
balance condition 



Remark 2: This is the last condition that defines symmetry or non- 
symmetry of the process. In case of MSRE the balance condition f p^T ) is 
true, and c\{9) = 0. In case of MNRE non-symmetry of the process is 
caused by the condition: 



Example 1: Condition ( 1T21 ) may be satisfied for different functions 
c(9). Namely, in case of MSRE c(9) = c = const. Then every term under 
the integral contains either sin" 9 cos Odd = or Jo sin 9 d9 = 0. 

Another variant of the function c(6), is c(9) = sin9\. Really, under 
the integral we obtain terms, analogical to the previous ones. We note 
that the dimension of the space i this case should be more then 2, because 
in R 2 this function does not preserve the symmetry. 

Example 2: Non-symmetry condition f lTBl ) is also satisfied for di- 
fferent functions c\{9). For example, in R 2 for c\{9) = sin9 we obtain: 



(ii) 



where 



Uc(9)S(9) = 0. 



(12) 



Uci(9)S(9) = (d, V) t^O. 



(13) 




d9 = 



2dx 2 



1 d 



o 



Another example is the function in R": 
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Again, all terms under the integral, except the last one contain sin n 9 cos 
0, so only one term is not trivial 

—ci ... / sin n ~ 1 6isin n ~ 2 62...sin 2 6 n ^isin6 n ^id6i...d6 n -i 



7T 

By simple calculations, we obtain: 

r _ a 3-5,.,(n-2) d _ 2m jl 1 

n Cl (0)S(0) =\ 2 ^-■■(n-i)dx^ n -*m + i, 
{) {) I -?[l-2-...(n-2)]^-,n = 2m. 

Thus we have a wide range of functions that preserve or, on the 
contrary, do not preserve symmetry. So, we may define the velocity of 
random evolution in different ways. 

5 Main result for MNRE 

THEOREM 3. MNRE §, converges weakly to the process when 
e ->> 0: 

The limit process e R n is defined by a generator 
L°ip(x h x n ) = (d, VVOi, x n ) + (cr 2 , A)(^(xi, ...,£„), (14) 
where A^(x b x n ) := + ... + £„), (d, V) := x 

dW( S (6>),V)M^), (^ 2 !a) == jff s ymw),v) 2 rtM)- 

To prove the Theorem, we need the following Lemma. 
Lemma 3. At the perturbed test-functions 

</(xi, x n ; 9) = <p(xi, x n ) + x n \ 9) + £ 2 ^ 2 (^i, x n ; 9), 

(15) 

that have bounded derivatives of any degree and compact support, the 
operator U has asymptotic representation 

L e <p e (x u x n \ 9) = L°<p(x u ...,x n ) + R £ (9)(p(x), 
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\R £ {6)cp{x)\ -> 0,e -> 0,ip(x) e C°°(R d ), 

where L° is defined in (JHJ), (pi(x±, ...,x n ; 0), ^2(^1? x n ; 6) and R £ (6)(p(x) 
are denned by equalities: 

L°n = -Uc(9)S(e)R c(e)S(9)u + u Cl (e)s(9)Uip, (16) 

Pi = -Roc(0)S(e)<p, 

ip 2 = R c(e)s(e)R c(e)s(6)ip, 
R e {e)y = {e[c(e)S{8)Roc(e)S{8)R c(e)s(e) + c 1 (e)S{e)R c{8)s{e)}+ 
£ 2 c 1 {e)s{e)R c{e)s{e)R c{e)s{e)}if. 

Proof. We solve singular perturbation problem for the operator (111). 
To do this, we study this operator at the test-function (TT5j). So, we have: 

L e cp e (x 1 ,...,x n ;9) = [e- 2 Q + e- 1 c{e)S{e) + c 1 {e)S{e)][^ + s^ l + e\ 2 ] = 

£- 2 Q<p + e-^Qtp! + c(0)S(6)<p] + [Q^ 2 + c{0)S{0)^ + Cl (0)S(%]+ 
e[c(O)S(0)(p2 + ci(0)S(0)<pJ + e 2 Cl (e)S(e)ip 2 . 
Thus, we obtain the following equations: 

r = 0, 

I Q<pi + c{9)S(Q)<p = Q 1 , , 

L°<p = Qif 2 + c{0)S{0)(p! + Cl (0)S(O)<p, { ' 

k = e[c(0)S(0)<p 2 + ci(0)S(0)pJ + e*a(p)S(P)<p2. 

According to the first one ^(aq, belongs to the null-space of 

Q. From the balance condition ( TT21 ) we see that c(0)S(9)ip belongs to 
the range of Q, thus from the second equation of ( TTTf l we have 

pi = -R o c(0)S(0)ip. 

By substitution into the third equation, and using the solvability 
condition, we obtain: 

L°U(p + Uc{9)S{9)R c{9)S{9)U(p - U Cl {9) S {9)U(p = 0. 

From the last equation: 

R £ (e)tp(x) = {£[c(e)s(e)R c(e)s(e)R c(e)s(e) + c 1 (e)s(e)Roc(e)s(9)}+ 
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£ 2 ci{e)s(6)R QC {e)s{e)R Q c{e)s(6)}ip{x) -> o npH e -> 0,^0) e c °°(R n ). 

Let's calculate the operator L° by the formula ( TToT ): 

lV = n c (^)5(^)(/-n)c(i9)5(^)n^+nci(^)5(i9)n^ = nc 2 (0)s 2 (0)n<^- 
nc(<9)S(<9)n c (<9)S(/9)n^ + u Cl (9)S(9)Uip. 

The second term equals by the balance condition (TT21. the last one 
is not equal to by (TT31) . Thus, we finally have: 

L° = n<?(0)£P(0) + IIci(0)S(0). (18) 

Using the view of we may write: 

IIci(0)S(0) = y ci(0)(s(0), V)m(^) =: (d, V), 

5,, 

IIc 2 (0)S 2 (0) = iy c 2 (0)( S (0), V)V(^) =: (a 2 , A). 

5,1 

Lemma is proved. 

Proof of theorem 3. We proved in Lemma 3 that L e (p e => L°(^ at 
the class Cq°(R" x G) when e — > 0. To prove the weak convergence we 
should show relative compactness of the family 9 £ t ) in DR« xe [0, oo). 
To do this, we use Lamma 2. 

Let's study the operator at the test-function (p £ (xi, x n ; 9) = 
<p(xi, ...,x n )+e<pi(xi, ...,x n ;6),where(p 1 (x 1 , ...,x n ;9) = -R c(9)S(9)(f(x h 

We have: 

L e <p e (xi, ...,x n ; 9) = £~ 2 Q(p(x h ...,x n )+£^ 1 [Q(pi+c{9)S{9)(p{x h x n )} + 

[c(9)S(9)^(x h ...,x n ; 9)+c 1 (9)S(9)(p(x 1 , ...,x n ; 9)}+ec 1 (9)S(9)(p 1 (x 1 , ...,x r 

It follows from ( TTTf ) that the first two terms equals to 0. Let' estimate 
the third term: 

c(0)S(%i(zi, x n ; 0) + Cl (9)S(9Mx h a; n ; 0) = 

c(9)S(9)R c(9)S(9)i P (x 1 , ...,x n ) + Cl (e)S{e)ip(x u ...,x n ; 9) = 

16 



c\e)S 2 (e) v ( Xl , .... x n ) + ci(«)S(9)Kn, .... x„; 8) = 
c\0) 



d 2 d 2 
cos 2 Q\~p. 9 + sin 2 6»i cos 2 02ttt + •••+ 
ox\ OX2 



d 2 d 2 
sin 2 6*i .. . sin 2 n _2 cos 2 9 n -i-—-~ h sin 2 6\... sin 2 n _2 sin 2 n _i 



dx n _ 1 



dx 2 



cos^ n _i 



sin 6*i cos 6*i cos #2 

a 2 



<9 2 



dx n -idx T 



dx\dx2 
ip(x h ...,x n )-\-d(9) 



+ ... + sin 2 6\... sin 2 n _2 sin0 n _iX 



cost'i- h sin Pi cos #27; V •••+ 

oxi 0x2 



d d 
sin sin0 n _2cos 9 n -\— h sin0i... sin0 n _2 sin0 n _i- 



as soon as all the constants, functions and their derivatives are bounded. 
The last term may be estimated analogically. 
From (U7D we also have: 



ip(xi, ...,x n ) < Ci : 



L £ ip £ = L £ p + eLVi = L £ ip + £L £ R (6)S(6)(p. 



Thus, 



L e <p = L £ tp £ - ecL £ R Q S(6)tp < C lcp - eC 2 , v < C, 



for e that are small enough. 

To prove the second condition of Lemma 2, we use the following 
properties of the function cpo(u) = yl + u 2 : 

\<Pq{u)\ < 1 < <fo(u), \(Pq(u)\ < (p (u). 

So, the proof of the second condition is similar to the previous reasoni- 
ng- 

Thus, the family of the processes (£f , Of) is relatively compact in 
D R ™ xe [0, 00). 

Using Theorem 2 we confirm the weak convergence in Dr™[0, 00): 

8 => 

Really, all the conditions are satisfied. Namely, the family of processes 
is relatively compact, the generators at the test-functions from the class 
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Co°(R" x G) converge, initial conditions for the limit and pre-limit 
processes are equal. 
Theorem is proved. 

Example 3: We study one more variant of evolution in R 2 . 
Let 

M = 0, 

1,0 = 7T, 



c(6) = 
and 



In other cases both functions equal to 0. 

The balance condition 01 2 1 ) is true for c{9), on the contrary, condition 
(USD is true for Cl (6). 

The limit generator ( TT4T ) has the view 

Id Id 2 
L°ip(x h x 2 ) = ——(p(xi, x 2 ) + — 5-0^(^1 j ^2)- 

Thus, the limit process has two parts - the drift with velocity in 
direction of x 2 coordinate and diffusion part similar to the limit process 
in M.Kac model [5] in one-dimensional subspace, corresponding to X\ 
coordinate. 
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